that the uncaptured electron's change of state can safely be neglected in the frozen core approximation, but that care must be used in modeling the projectile-target interaction.
Introduction
The study of electron capture (or charge transfer) collisions serves researchers in both fundamental and applied fields. On the applied side, electron capture collisions are needed in areas as diverse as plasma physics, astrophysics, and biophysics. Modelers, theorists, and experimentalists in these fields rely on accurate collision cross sections in order to understand phenomena and develop new technologies. Without an accurate knowledge of the most fundamental atomic interactions, more sophisticated systems cannot be adequately understood, and this is where a connection between fundamental and applied physics is needed. From a fundamental standpoint, electron capture collisions can provide valuable information about atomic structure and few-body interactions on the atomic scale. They have been used to study effects such as electron correlation, multi-step processes, and nuclear-nuclear Coulomb effects.
While these collision systems have been studied extensively for the last century, there are still many theoretical, computational, and experimental challenges. In particular, the small projectile scattering angles involved in heavy particle collisions make highly detailed measurements difficult, and only in the last two decades have a significant number of differential cross section measurements become available [1] [2] [3] [4] [5] [6] [7] . The growing body of highly accurate experimental data has spurred the development and application of numerous theoretical models for the study of the electron capture process. While theory's ability to accurately predict experiment has improved, there are still many remaining challenges. For example, an accurate theoretical treatment of heavy particle continuum wave functions remains quite difficult.
Additionally, time-dependent and non-perturbative models often perform better than traditional Born-type models, but they often rely on classical, semiclassical, or other approximations, and can require significant computational resources [8] [9] [10] [11] [12] [13] .
A frequently used approximation for single electron capture collisions in both perturbative and non-perturbative models is the frozen core approximation in which the uncaptured, inactive electron is assumed to not change state. In the case of a bare particle colliding with a helium atom, the implementation of the frozen core approximation effectively reduces the calculation from a 4-body problem to a 3-body problem, which greatly improves computational runtimes. The frozen core approximation is also often applied to single ionization and single excitation collisions in which there is an inactive electron that can be modeled as a bystander with only screening effects and no change of state. Naturally, a complete 4-body calculation in all of these collision processes represents a more physically accurate description, but the key question is what, if any, limitations exist by using the frozen core approximation.
Thanks to computational advances, there are now many 4-body models in use for the single capture process [2, [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] with varying degrees of agreement between each other and experiment. Combined with the numerous 3-body models present in the literature, there is no shortage of calculations for the single capture process. However, a focused analysis of the effects of the frozen core approximation in single capture collisions has not been performed. This is the goal of the present investigation.
Previously, we have examined the frozen core approximation in electron and heavy ion impact single ionization of helium [25, 26] , as well as the 5-body process of He + + He electron capture [27] . In our study of single ionization, we found that the initial state projectile-target interaction and the final state ionic potential were most influential on the magnitude and shape of the fully differential cross sections (FDCS). The different treatments of these interactions in the 3-Body and 4-Body models represent different approximations for screening of the target nucleus and showed clear effects for both electron and heavy ion projectiles.
For the 5-body He + + He single capture collision, our analysis also showed that the model used for screening either the projectile or the target nucleus could significantly affect the shape and magnitude of the FDCS. In particular, much like the single ionization case, changes to the initial state projectile-target Coulomb interaction were the primary cause of the differences between the frozen core and active electron FDCS. Based on the consistency of these prior studies, we expect the initial state projectile-target interaction to play an important role in the single capture process, as well. In order to focus solely on the effect of the frozen core approximation, we perform calculations with the first Born approximation (FBA), where the effect of the uncaptured electron can be studied in a straightforward manner. Atomic units are used throughout unless otherwise noted.
Theory
In both the 3-Body and 4-Body models, the FDCS are calculated using Jacobi coordinates in the center of mass frame and then converted to the lab frame. The fully differential cross section in the center of mass frame is given by [28] 
where is the reduced mass of the scattered projectile and residual ion, is the reduced mass of the initial state projectile and target atom, ⃗ ( ⃗ ) is the center of mass momentum of the scattered (incident) projectile, and is the transition matrix. The differential cross section in the lab frame is related to that of the center of mass frame by
where δ is the ratio of the speed of the center of mass of the entire collision system in the lab frame V and the speed of the scattered projectile in the center of mass frame
The angle θC is the scattering angle of the projectile in the center of mass frame, which is related to the lab frame scattering angle by
In order to focus on the effects of the frozen core approximation, we use the first Born approximation (FBA) to calculate the transition matrix for single electron capture from a helium target by bare heavy ion impact. We assume an independent electron model for the target atom and use an uncorrelated target helium wave function. It has been shown that for the single capture process, target electron correlation is unimportant and can be neglected [8] . The incident projectile has charge and mass , and we present results here for H + , He 2+ , Li 3+ , and C 6+ . In the FBA, the motion of the incident and scattered projectiles is treated as a plane wave in both the initial and final state. All single electron bound states are given by hydrogenic wave functions that are analytically known.
A primary advantage of the FBA is that the majority of the calculation can be performed
analytically. This simplifies the analysis of a comparison between the 3-Body and 4-Body models and results in a direct link between the observed differences in the FDCS and their sources. For the analytical calculations it is useful to keep in mind the 1s hydrogen-like atom momentum space wave function for a with nuclear charge Z
Prior to any analytical calculations, the 4-Body model requires a 9-dimensional spatial integral and the 3-Body calculation requires a 6-dimensional integral. Numerical integration of these integrals is not feasible [29] , however use of Eq. (4) allows them to be reduced to 3-dimensional integrals which we perform with standard Gaussian quadrature techniques.
Active Electron 4-Body Model
In the 4-Body model, all constituent particles are explicitly included in the calculation with the transition matrix given by
where , is the incident (scattered) projectile plane wave with center of mass momentum 
where 1 , 2 , 3 are the lab frame position vectors of the projectile and two atomic electrons respectively, and , , and are the charges of the projectile, target nucleus, and electron respectively. The Jacobi coordinates are related to the lab frame coordinates by
We use a one parameter variational wave function for the target ground state helium atom given 
Frozen Core 3-Body Model
In the 3-Body model, the inactive electron and target nucleus are considered as a single frozen core, with charge + = 1. The transition matrix is then given by
where . The lab frame coordinates remain the same as in the 4-Body model, with the exception that the inactive electron is not present and therefore there is no 3 . The Jacobi coordinates for the 3-Body model can be found by setting 3 =0 in Eqs (7-11).
There are two primary differences between the 3-Body and 4-Body models, both of which originate from the frozen core approximation. First, in the 4-Body model the inactive electron in the target atom changes state from the ground state of the He(1s 2 ) atom to the ground state of a hydrogen-like atom with nuclear charge = 2. This electron is completely neglected in the 3-Body model and is therefore considered not to change state. Second, the perturbation potential is different for the 3-Body and 4-Body models. In particular, the 4-Body perturbation contains a sum of three terms, while the 3-Body perturbation is only two terms. Past work on the analysis of 3-Body and 4-Body models for single ionization has shown that the perturbation potential alters the shape of the FDCS [25, 26] . Additionally, FBA models are known to predict a deep minimum in the FDCS caused by a cancellation of terms in the perturbation [7, [30] [31] [32] .
Therefore, we expect that the form of the perturbation will be important in determining the 3-Body and 4-Body FDCS.
Results
A direct comparison of the FDCS from the 3-Body and 4-Body models shows the effect of the frozen core approximation. In general, there is an order of magnitude difference between the models, indicating that the use of the frozen core approximation significantly alters the FDCS. Recent experiments using the COLTRIMS technique have produced a significant number of highly detailed data sets [1] [2] [3] [4] [5] [6] [7] . For the single capture process, most experiments were performed with proton projectiles. In Fig. 1 , results are shown for the 3-Body and 4-Body models compared with the experiment of [6, 7] . We chose a select few data sets that cover a wide range of projectile energies in which the FBA models have validity. There are many more data sets available for comparison, but the results here demonstrate the features and trends of interest. There are some important features to note in both the experimental and theoretical FDCS results.
First, the experimental FDCS exhibit an elbow structure around 0.3 to 0.5 mrad where the slope of the curve changes. This elbow occurs at the boundary between small and large angle scattering and separates different physical mechanisms. At small angles, projectile-nuclear effects are less important than at large scattering angles. Physically, single capture at small angles is predominantly caused by momentum transfer to the electron, while at large scattering angles, capture occurs through momentum transfer between the nuclei [33] [34] [35] .
Also, the 3-Body and 4-Body FBA models show a pronounced minimum in the FDCS that is not present in the experimental results. This minimum comes from a cancellation of terms in the perturbation [7, [30] [31] [32] and is generally observed in first order perturbative models. Higher order and non-perturbative models do not have this deep minimum.
The order of magnitude difference between the 3-Body and 4-Body models is evident from Fig. 1 , with the 4-Body model FDCS generally larger than the 3-Body model FDCS. The one exception to this is for a projectile energy of 100 keV at small scattering angles, where the 4-Body FDCS is slightly smaller than the 3-Body FDCS. This similarity of the models at low projectile energy and small scattering angles has also been observed in the He + + He single capture collision system [27] and can be attributed to nuclear screening being less important in grazing collisions. In general, the 4-Body model is in better agreement with experiment than the 3-Body model, although neither is expected to exactly predict experiment given the simplicity of the models. Because the 4-Body model better predicts experiment, one can conclude that the inactive electron plays an important role in the single capture process.
To further explore exactly how the inactive electron affects the FDCS, we perform a more comprehensive comparison and analysis of the 3-Body and 4-Body models. Figures 2 and   3 contain FDCS for four projectiles (H + , He 2+ , Li 3+ , and C 6+ ) and 3 projectile velocities (100 keV/amu, 1 MeV/amu, 10 MeV/amu). Some general trends can be observed. As projectile velocity increases, the magnitude of the FDCS decreases, as is expected from the total cross sections, which decrease with increasing projectile energy [15] . Also, as projectile charge and mass increase, the FDCS increase in magnitude, making capture more likely for heavier and more highly charged ions. The deep minimum in the FDCS that is characteristic of FBA models occurs at different scattering angles for the 3-Body and 4-Body models. This is expected since the minimum is caused by a cancellation of terms in the perturbation potential, which is different for the two models. The location of the minimum moves to smaller scattering angles as projectile charge and mass increase. However, because projectile charge factors out of the perturbation and results in an overall multiplicative constant, the shift in minimum location as the projectile changes is due to the changing mass of the projectile. Comparison of the 3-Body and 4-Body models shows that for all projectiles and energies, the 4-Body model is generally one order of magnitude larger than the 3-Body model. The FDCS are most similar at small scattering angles, which is the regime in which nuclear-nuclear interactions are lease important. Because the primary difference between the models is the treatment of target nuclear screening, it is understandable that the models would be most similar at small scattering angles where screening is less important. As scattering angle increases, nuclear-nuclear interactions become more important and the difference in screening treatments between the two models becomes more apparent. As projectile energy increases, the 3-Body and 4-Body models become more similar, indicating that projectile screening becomes less important for faster projectiles. We can then conclude that the concept of the frozen core approximation, in which the inactive electron does not change state, is valid for single electron capture, but that care must be used in modeling the projectile-target interaction. These results are consistent with our past studies of the frozen core approximation and nuclear screening [25] [26] [27] . In summary, we used the first Born approximation in 3-Body and 4-Body models of single electron capture to explore the effects of the frozen core approximation. Application of the models to different projectiles and projectile velocities revealed an overall magnitude difference between the models of about a factor of 10, with the 4-Body model predicting larger FDCS. The difference in magnitude between the models was traced primarily to the projectiletarget Coulomb interaction used in the perturbation. The inactive electron's change of state from an atomic ground state to an ionic ground state had almost no effect on the FDCS. All of these models are consistent with prior studies of the frozen core approximation and point to the need to carefully consider how nuclear screening is included in models.
